Automated vehicles are designed to free drivers from driving tasks and are expected to improve traffic safety and efficiency when connected via vehicle-to-vehicle communication, that is, connected automated vehicles (CAVs). The time delays and model uncertainties in vehicle control systems pose challenges for automated driving in real world. Ignoring them may render the performance of cooperative driving systems unsatisfactory or even unstable. This paper aims to design a robust and flexible platooning control strategy for CAVs. A centralized control method is presented, where the leader of a CAV platoon collects information from followers, computes the desired accelerations of all controlled vehicles, and broadcasts the desired accelerations to followers. The robust platooning is formulated as a Min-Max Model Predictive Control (MM-MPC) problem, where optimal accelerations are generated to minimize the cost function under the worst case, where the worst case is taken over the possible models. The proposed method is flexible in such a way that it can be applied to both homogeneous platoon and heterogeneous platoon with mixed human-driven and automated controlled vehicles. A third-order linear vehicle model with fixed feedback delay and stochastic actuator lag is used to predict the platoon behavior. Actuator lag is assumed to vary randomly with unknown distributions but a known upper bound. The controller regulates platoon accelerations over a time horizon to minimize a cost function representing driving safety, efficiency, and ride comfort, subject to speed limits, plausible acceleration range, and minimal net spacing. The designed strategy is tested by simulating homogeneous and heterogeneous platoons in a number of typical and extreme scenarios to assess the system stability and performance. The test results demonstrate that the designed control strategy for CAV can ensure the robustness of stability and performance against model uncertainties and feedback delay and outperforms the deterministic MPC based platooning control.
Introduction
Today's traffic systems are facing serious congestion [1] . Automated vehicles using advanced sensing, communication, and control technologies have the potential to increase road capacity and improve traffic operations [2] [3] [4] . Adaptive cruise control (ACC) systems, one of the earliest automated vehicle systems, has already entered the market [5] [6] [7] . It uses its on-board sensors to detect the ambient environment and regulate the speeds of the vehicle to increase ride comfort. Vehicle-to-vehicle (V2V) and vehicle-to-infrastructure (V2I) communications enable the so-called connected automated vehicles (CAVs), extending the visibility of automated vehicles [8] . When a group of CAVs travel with short intervehicle headway or gap, a platoon is formed [9] . CAVs have more potential to improve traffic performance compared to individual automation, since they can share information and coordinate their behavior to ensure shorter intervehicle distances safely [2, 10, 11] as demonstrated by field tests [12, 13] . With V2I communication between a road side device and electric vehicles, the traffic stability can be improved [14] .
Some challenges must be addressed for successful implementation of platooning in real world, including feedback delay, actuator lag, measurement inaccuracy, and heterogeneity in traffic [7, [15] [16] [17] . Feedback delay and actuator lag are known to have detrimental effects on string stability [16, 17] .
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CAVs using platoon leader or predecessor acceleration as feedforward term in control have been shown to be able to compensate delay [15, 18] . Other delay compensation strategy can be found using predictive control approach [16] . Measurement noise can be treated by using filtering and data fusion techniques [19] . The heterogeneity of traffic can be considered using cooperative control strategies where a joint objective is optimized together within the platoon [20] .
Although different methods have been proposed to address the aforementioned challenges, most of them were based on deterministic modelling of vehicle system dynamics and had not been tested systematically against uncertainties. There is no guarantee that existing platooning control systems generate satisfactory performance under real world situations. An adaptive fuzzy sliding-mode control approach is proposed to deal with the model uncertainties, and functional approximation technique is employed to replace the unknown vehicle functions [21] . However, the reliability of using functional approximation technique is not clear. Besides, vehicle speeds can be adjusted through electronic throttle (ET) control. With V2V communication, the opening angle of the ET of the preceding vehicle is available. The following vehicle then adjusts adaptively its ET to avoid collision and follow the speed of the preceding vehicle. Using extended state observer to estimate the change of throttle opening angel and total disturbance, a double-loop integral slidingmode controller for electronic throttle is designed [22] . This controller has robustness to parametric uncertainties of the ET model. An -infinity control method for a CAV platoon is proposed considering the uncertain vehicle dynamics without considering the feedback delay [23] . The robust control is designed considering the differences of dynamics for CAVs in the platoon. The feasibility of this control method to a heterogenous platoon comprised of CAVs and human-driven vehicle is not given. For a homogeneous platoon, the idea of applying an acceleration of the leader feedforward can also be used to design a robust controller for the following vehicles [1] . The robust control for the CAV platooning control has not been fully explored.
The objective of this paper is to design a robust controller considering the model uncertainties involved in the longitudinal vehicle dynamics. The robust control is designed by considering the parametric uncertainties in the dynamics model of platoons expressed by a third-order linear vehicle model. The robust platooning is then formulated as a MinMax Model Predictive Control (MM-MPC) problem, where optimal desired accelerations are generated to minimize the cost function under the worst case. The controller regulates platoon desired accelerations over a time horizon to minimize the cost function representing driving safety, efficiency, and ride comfort, subject to speed limits, plausible desired acceleration range, and minimal net spacing. The designed control strategy is flexible in such a way that it can be applied to the homogenous platooning control where all the vehicles in the controlled platoon are CAVs and the heterogeneous platooning control where CAVs and human-driven vehicles are mixed.
The paper is organized as follows. We will first introduce longitudinal dynamics models for a CAV, homogenous and heterogenous platoons with CAVs. The proposed robust MM-MPC controllers for a single homogeneous and heterogenous CAV platoon are presented separately. After that, the simulation experiments are designed to verify the performance of the controllers followed by the discussion of the simulation results of the CAV platoons under different control strategies. Finally, we conclude the findings and present future research directions.
Dynamics Models for Longitudinal Behavior of Platoons
This section presents a longitudinal vehicle dynamics model for state prediction for a single CAV and CAV platoon dynamics model considering actuator lag.
Single Vehicle Dynamics Model.
We introduce a longitudinal dynamics model for a single vehicle , following an exogenous head vehicle, with , V , , and denoting the location, speed, actual acceleration, and vehicle length of the subject vehicle . For a single CAV , the system state Z is described by the gap error Δ , relative speed ΔV to the preceding vehicle − 1, and ; that is, Z = (Δ , ΔV , ) , and the control variable is defined as U = , where is the desired acceleration given to vehicle . Δ is the deviation between the real gap/net spacing = −1 − − and the desired gap to vehicle − 1; that is, Δ = − . We employ the Constant Time Gap (CTG) policy that is the frequently used by researchers and largely used in the commercial ACC systems to determine the desired gap [11] ; that is, = V ⋅ + 0 , where is the desired time gap and 0 is the minimum gap at standstill. The physical equations for the longitudinal vehicle motion are expressed as (1) when using Newton's second law by modelling the th vehicle as a particle of mass, with denoting the mass of vehicle . For simplicity, the time argument is dropped. 
⋅̈= ⏟⏟ ⏟⏟⏟ ⏟⏟
where denotes the driving force produced by the th vehicle's engine which is modelled with a first-order time lag as shown iṅ=
where denotes the engine time lag for the th vehicle and denotes the throttle command input to the th vehicle's engine. By using exact linearization methods, (1) can be linearized as a first-order lag system as expressed by [16, 24, 25] ... = 1 ⋅ ( −̈) .
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To this end, a third-order model is used to express the longitudinal dynamics model for vehicle as shown in
where
d denotes the exogeneous disturbance to the vehicle system, which is the actual acceleration of the preceding vehicle − 1.
If the preceding vehicle is a CAV, the subject vehicle will receive −1 via V2V communication. When using the V2V communication to obtain the value of d is not feasible, the disturbance can be modelled using −1 = 0; that is, the vehicle − 1 is assumed to travel at the same detected speed in the prediction horizon [16] .
Homogeneous Platoon Dynamics
Model. For a homogeneous CAV platoon (e.g., Figure 1 (a)) with ≥ 2 vehicles, the system state variable is defined as Z = (Δ 1 , ΔV 1 , 1 , Δ 2 , ΔV 2 , 2 , . . . , Δ , ΔV , ) , the command variable is defined as U = ( 1 , 2 , . . . , ) , and the disturbance is defined as d = a p , where a p is the exogenous head vehicle of the platoon. For each of the vehicles in the homogeneous CAV platoon, the single CAV dynamics model can be applied. Thus the matrix-form system dynamics model for a CAV platoon with vehicles can be expressed with
2.3. Heterogeneous Platoon Dynamics Model. When a platoon is comprised of a CAV(s) and a human-driven vehicle(s), a heterogeneous platoon is formed. A heterogenous CAV platoon is given as shown in Figure 1 (b). For this platoon, the state and control variables can be defined as Z
, and the exogeneous disturbance is d = ( , 2 , 4 ) . For the human-driven vehicles, the actual accelerations cannot be controlled directly but can be calculated using a car-following model. We use IDM+ to model the collision-free car-following behavior as expressed with (10) and (11), where is the maximum acceleration, is the desired deceleration, and * is the dynamic desired headway [26, 27] . To this end, the dynamics model of the heterogenous platoon is as shown in (17) and (18) .
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Design of Robust Controller for Platoon Operation
In this section, we develop a robust controller to determine the control command by minimizing a running cost function.
Design Assumptions.
The homogeneous platooning controller is designed based on the following assumptions:
(i) The CAVs are homogenous. They have the same vehicle length, desired acceleration boundary, speed limits, and variable actuator lag.
(ii) The accurate feedback information on positions, speeds, and actual accelerations of controlled vehicles can be obtained via on-board sensors and V2V communication, but is subject to a fixed feedback delay . The received state at time is actually measured at time − [16] . As a result of the feedback delay, the initial condition of the system state is not accurate, leading to a model mismatch.
(iii) The controller updates the control command at regular time intervals.
(iv) The CAVs are subjected to the stochastic actuator lag ( ), with ( ) ∈ [ , ](0 < < ) [28, 29] .
Platooning Control Formulation

Min-Max Model Predictive Control Problem.
There are several paradigms for robust control of linear systems: 2 , ∞ , "multi-model" paradigm, and "linear system with a feedback uncertainty" paradigm [30, 31] . For linear systems as in (8), the "multi-model" paradigm works by discovering different linearly independent combination of [ ]. The "linear system with a feedback uncertainty" paradigm can be converted into the form of "multi-model" essentially [30] .
The "multi-model" paradigm is chosen considering the stochastic actuator lag . The robust platooning controller is designed by combining Model Predictive Control (MPC) method and the robust control [11] . We formulate the platooning control problem as a Min-Max Model Predictive Control (MM-MPC) problem [30] . We use a centralized control method, where the leader of a CAV platoon collects information from followers, computes the desired accelerations of itself and all followers, and broadcasts the desired accelerations to followers. The designed controller regulates platoon desired accelerations over a time horizon [ 0 , 0 + ] to minimize a cost function representing driving safety, efficiency, and ride comfort. It is formulated as follows:
subject to
(1) the system dynamics model of (7),
the constraints on states Z ( ) and U ( ),
where denotes the running cost andZ 0 represents the initial state for the controlled vehicle system at 0 .
Cost Specification for Controller.
The cost function is defined as (17) , where three different cost terms representing safety, efficiency, and control are included.
The safety cost term implies that the vehicles tend to reach the desired gap. The efficiency cost works by making the following vehicles in the platoon follow the speeds of their preceding vehicles. The control cost penalizes large values of desired acceleration.
Constraints Specification.
The constraints on state and control variables are specified as constraints on speeds, gaps, and desired accelerations:
(2) Gap constraint:
Solution Approach. If a nominal model, without considering uncertainties, using a fixed [
] is chosen as the dynamics model to design the controller, the controller relaxes to an ordinary MPC problem. We use Sequential Quadratic Programming (SQP) algorithm to generate the optimal control trajectory [32] . When the model uncertainties are considered, we have to solve a MM-MPC problem. The concept of minimizing the worst case is applied to solve the MM-MPC problem, that is, minimizing the largest cost or worst case value of when a deterministic is used in the dynamics model to predict the future states of the vehicle systems [25] . To have the largest cost, each possible value of should be involved. Since there are infinite possibilities of , the computation could be timeconsuming. For simplicity, we discretize the continuous range of the values of into intervals of equal size and use the endpoint values to form the models of the dynamics model of the controlled platoon. The solution method of the min-max problem is formulated as an algorithm as shown in Algorithm 1. 
The solution for the min-max problem.
Design of Robust Controller for Heterogeneous Platoon Operation
In this subsection, we first illustrate how to propose a formulation for heterogeneous platooning control like homogeneous platooning control, and then give the detailed design description. For a platoon of heterogeneous followers like that in Figure 1(b) , the CAVs can predict the human-driven vehicle behaviors by using IDM+ [20] . Robust heterogeneous platooning control can then be achieved by optimizing a joint cost function the same as (16) and (17) for the whole platoon.
Design Assumptions.
The robust heterogeneous platooning controller is designed under the following additional assumptions compared to homogeneous controller design:
(i) The locations and speeds of the human-driven vehicles can be detected by the on-board sensors equipped on the CAVs.
(ii) The controller has imperfect knowledge of the carfollowing behavior. This imperfection is represented by uncertainties in the parameters of IDM+.
Platooning Control Formulation and Solution.
The heterogeneous platooning controller is also formulated as a MinMax Model Predictive Control problem as shown in (18), where the superscript is used to represent the notations for heterogeneous platooning control. It uses the same format of cost function as the homogeneous platooning controller except that the control cost of the human-driven vehicles is represented by the actual accelerations. The variations of and the uncertainties in and of IDM+ are considered.
(1) the system dynamics model of (13) and the dynamics model of human-driven vehicles of (10), (2) the initial condition and the constraints: they are the same as that described in the homogenous platooning controller design.
The Min-Max Model Predictive Control problem for the heterogeneous includes the variation of and the uncertainties in and of IDM+. The solution for this problem is essentially the same as that used in the homogeneous platooning controller design. We discretize the continuous range of the values of with the same method as that used in the homogeneous platooning controller design. After that, the problem is solved as for the homogeneous platooning controller design.
Simulation Experimental Design
This section presents the experimental design to assess the performance of the designed platooning controllers, including selected simulation scenarios, controller parameter settings, and the performance indicators.
Journal of Advanced Transportation 7 [30] . The selected simulation scenarios are as shown in Table 1 . The heterogeneous platooning controller is tested with imperfect knowledge of the car-following behavior of human-driven vehicles by using different parameters of IDM+ used by human-driven vehicles in the platoon. The selected scenarios are as shown in Table 2 .
Parameter Settings.
We choose = 4 to demonstrate platoon control, since it can sufficiently show the performances of the controlled platoon as shown in Figures  1(a) and 1(b) [13] . The parameter setting for CAVs in the homogenous and heterogeneous platooning controllers is the same. The platoons follow an exogenous head vehicle that has a designated speed profile. The total simulation time is 50 seconds (s). To clearly show the performances of the controllers, we use a step function of acceleration for the exogenous head vehicle. The controller parameters have been manually tuned that the controller tracks the exogenous head vehicle responsively and has small overshoots and no oscillations in the case where there is a fixed sensor delay = 0.2 s but no actuator lag. In the same case, the time horizon is chosen by preliminary simulations. The total running cost barely changes with higher values of . Systematic tuning methods of MPC can be found in [34] .
For the heterogeneous platooning control, we assume the controller has imperfect knowledge of the human-driven vehicles. 
Simulation Results and Discussion
In this section, the simulation results are shown and analyzed and the discussion is presented thereafter.
Homogeneous Platooning Control
Performance. The simulations are performed separately with the nominal MPC controller (deterministic controller with actuator lag = 0.2 s) and the robust MM-MPC controller. The performances are shown with figures of the variation of actual acceleration, relative speed, and gap error as shown in Figure 2 and those of assessment indicators are shown in second and third columns in Table 3 . As depicted in Figure 2 , the nominal MPC and the designed robust MM-MPC controller generate reasonable behavior when ( ) ∈ [0.2, 0.8] s. When the exogenous head vehicle decelerates, the relative speed and gap error of the first vehicle become negative while other vehicles are still in the equilibrium states, and the cost of the controller starts to increase. Both controllers work by reducing the costs and give control commands to reduce the relative speeds and gap errors caused by the deceleration of the exogenous head vehicle. The first vehicle then starts to decelerate. After that, the second vehicle's relative speed and gap error become negative as well and costs are generated, and the controller has to reduce the costs caused by the relative speeds and gap errors of the first and second vehicles while considering the control costs. It can easily be observed in Figure 2 that the changes of actual accelerations start from the first vehicle to the last vehicle sequentially.
The behavior of the first vehicle is more sensitive to the behavior of the exogenous head vehicle, and this can be reflected in Figure 2 and values of costs in Table 3 . Both controllers can settle to new equilibrium where the cost is zero after certain time, and the maximum of absolute actual acceleration, relative speed, and gap error of the 4th vehicle is smaller than that of the first vehicle. To this end, they can ensure string stability.
Robustness of MM-MPC Controller.
When it comes to the scenario with ( ) ∈ [0.8, 0.9] s, the performances of the nominal MPC controller (deterministic controller with actuator lag = 0.2 s) and the designed robust MM-MPC controller differ as shown in Figure 3 and the assessment indicators are shown in the fourth and fifth columns in a new equilibrium state; however, that cannot be achieved within the simulation time as shown in Figures 3(a), 3(b) , and 3(c). There exist many oscillations, but the nominal MPC controller may ensure platoon stability since the maximum of absolute actual acceleration, relative speed, and gap error of the 4th vehicle is smaller than that of the first vehicle as shown in Table 3 . By comparison, the robust MM-MPC controller can still settle to new equilibrium and thus can ensure local and string stability. Besides, the total cost of the platoon using MM-MPC controller is 26.38% lower than that using the nominal MPC controller. This illustrates that the MM-MPC controller is quite robust against large model uncertainties. As opposed to the robust MM-MPC controller, the nominal MPC controller cannot handle large model uncertainties. Table 4 .
When ( ) ∈ [0.2, 0.8] s, the performances of nominal MPC controller and the designed robust MM-MPC controller are similar. They both generate reasonable behavior as analyzed in homogeneous platooning control performance and settle to the new equilibrium state within the simulation time. However, when it comes to ( ) ∈ [0.8, 0.9] s, the nominal MPC controller has more oscillations before reaching the new equilibrium state. The ability to reach a new equilibrium state and keep string stability is plausible for the nominal MPC controller while being obvious for the MM-MPC controller. Besides, MM-MPC controller brings 12.55% total platoon cost reduction compared with the nominal MPC controller.
The simulation results confirm the feasibility and robustness of the MM-MPC controller to homogenous platooning control and flexibility to heterogenous platooning control. The solution method for MM-MPC is clear and obvious enough; however, the relation of and the length of the bound of ( ) is not deeply explored. It is noticable that the larger is, the longer the computation time will be. However, with a larger , the performance of the robustness of the controller may be better as the worst case situation is close to that in the real world. There is a tradeoff between the computation time and the performance when choosing the value of . The solution method can be replaced by using linear matrix inequalities [30] . Even though the controllers have imperfect knowledge of the car-following model, the good performance of the controller can be kept. This implies the controllers are not sensitive to the parameters of the car-following model, and the controllers for homogeneous platooning control may be converted for heterogeneous platooning control easily. It is noticable that the positive benefits of using MM-MPC controller are larger with homogeneous platooning than with the heterogeneous platooning. This may be explained by the fact that the controller cannot give command to the human-driven vehicle directly. The simulation results show the feasibility and robustness of the MM-MPC controller to homogeneous platooning control and flexibility to heterogeneous platooning control.
The simulation results indicate that, with model uncertainties, the robust control is needed for guaranteeing the benefits of the designed controller. This paper focuses on using the parameter uncertainties to represent the model uncertainties. However, we have not explored other types of methods of representing model uncertainties. To ensure the robustness of the proposed controller, it is suggested to have insights into the possible model uncertainties in the real traffic environment and test the controllers before putting the automated vehicles with the designed controllers into production.
Conclusion
This paper proposed a robust MM-MPC controller for vehicle homogeneous and heterogeneous platooning control, taking into account the feedback delay and model parametric uncertainties. Unlike the deterministic MPC, the robust MM-MPC controller is formulated as a min-max problem and generates the desired acceleration by selecting the solution of the worst case. The solution algorithm entails discretizing the continuous range of the uncertain parameter range into finite intervals and using boundaries of each grid to seek the worst case. Several simulations are conducted to demonstrate the robustness and flexibility of the proposed MM-MPC controller with reference to the nominal deterministic MPC controller under and outside the designed parameter range, respectively. In all situations, the robust MM-MPC controller outperforms the nominal MPC controller and the benefits of the robust MM-MPC are much more pronounced where the uncertainties are outside the designed bounds.
Application of the MM-MPC controller in heterogeneous platoon control validates the flexibility of the proposed control approach and further demonstrates the robustness of the controller against uncertainties in mixed traffic. The proposed controller has the potential to improve traffic operations, in particular traffic stability, due to its robust performance against uncertainties and system delays. This research will be extended to robust control design under stochastic feedback delay and input uncertainties in addition to model parametric uncertainties. Future research is also directed towards the analytic approach using Lyapunov theory to guarantee string stability of vehicle platoons and robust lane change control in mixed traffic to improve traffic operations.
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